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Abstract. We determine when there exists a nonzero homoniorphism be- 
tween principal series representations of a complex semisimple Lie group. We 
also determine the condition for the existence of nonzero homomorphisms 
between twisted Verma modules. 

§1. Introduction 

Let G be a complex semisimple Lie group. Then the principal series representations of G 
are defined and play an important role in the representation theory of G. One of a fundamental 
problem about princ ipal s eries is a description of the space of homomorphisms between such 
representations (cf. [Zel75' p. 720, 11]). In this paper, we determine when there exists a nonzero 
homomorphism between principal series representations of a complex semisimple Lie group. We 
also determines the existence of homomorphisms between twisted Verma modules. This gives a 
generalization of results of Verma |Ver68j and Bernstein- Gelf and- Gelfand |BGG7lj . 

We state our main results. Let g be the Lie algebra of G, f) its Cartan subalgebra, A the 
root system for (g, f)) and W the Weyl group of A. By the Killing form we identify q with g* = 
Homc(0, C). Then the Killing form also defines a non-degenerate bilinear form on q* . We denote 
this form by (■, ■). For a G f)*, put a = 2a/ {a, a) and Sc(A) = A — (d, X)a. Take a positive system 
A"*" C A. Then A^ determines a Borel subalgebra b. Put n = [b,b]. Let O be the Bernstein- 
Gelfand-Gelfand category [BG G761 Definition 1] for (g, b) and M(A) the Verma module with 
highest weight X — p for A € f)* where p is the half sum of positive roots. Fix an involution 
fj of g such that (t|(, = — idf,. The category O has a dualizing functor 5 defined by 6M = 
Homc(M, C)f,_finite where the action is given by {Xf){m) = f{—a{X)m). Put 6 = {{X,a{X)) \ 
X G g} C g e g. For M, € O, we define the g © g-module L{M,N) = Homc(M, A^)j_fi„ite 
where the action is given by {{X,Y)f){m) = a{X)f(—Ym). Then under some identification 
g (g)u C ~ g © g, the principal representations of G are L{X, p) = L{M{—p),6M{—X)). This is 
an object of TC where is a category of Harish-Chandra modules. 

For A G f)*, let Aa be the integral root system of A, Wx the Weyl group of A^. Let V be 
the integral weight lattice of A. Then it is well-known that Wx = {w € W \ wX — AG V}. Let 
Wx be the longest element of Wx- Put A|' = A+ n Aa- Then A^ determines the set of simple 
roots Ux- Put Sx = {sa \ a e Ux} and W^ = {w eWx\wX = A}. For w G Wx, let ixiw) be a 
length of w as an element of Wx- 
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For a sequence of simple roots ai, . . . ,ai ^Hx and ^ € f)*, we define a subset ^(s^^,...,s„^)(/x) 
of f)* as follows. Put Pi = Sai ■ ■ ■ Sa,_i(aj) for i = 1, . . . , /. For ^ G i)* , put 

for some 1 < ii < ■ ■ ■ < ir < I, fi' = sp^^ ■ ■ ■ Sfs^^fi and | 
if^ik ' ■ • • Sfti /^) e Z<o for all A; = 1, . . . , r J 

For a reduced expression w = si • • • s/ E VF, it will be proved that the set is 
independent of the choice of a reduced expression (Lemma I2.3p . We write (fi) instead of 

Now we state the main theorems of this paper. 

Theorem 1.1. Let A G i)* , /ii,/i2 £ X + V and w,w' ^ W\. Assume that A is dominant, 
i.e., (a, A) Z<o /or a// a G A+. T/ien Hom7^(L(M(tfiA), (^Af(/Ui)), L(M(t(;2A), (5M(^2))) / 
if and only if w^^wxA^^yjj^iwxfJ-i) n Ty_^w^^^^2 (^2) / 0- 

Moreover, if Romn{L{M{wi\),6M{ni)), L{M{w2X),SM{n2))) = 0, then for all k G Z>o, 
we /ia?;e Ext^(L(M(tfiA), (5M(//i)), L(M(u;2A), (5M(//2))) = 0. 

We can determine when there exists a nonzero homomorphisms between principal series 
representations of G from Theorem 11.11 (see Lemma 13. 2p . 

Let be the twisting functor ior w £ W |AL031 6.2] and wq the longest element of W (see 
also Arkhipov |Ark04t Definition 2.3.4]). 

Theorem 1.2. We have RomoiTwiM{fii),Ty,2M{fi2)) ^ if and only if wiA^-i{pi) n 

W2WoA^^^^~i{wofi2) + 0- 

Moreover, if Romo{T^^M{ni),T^^M{i22)) = 0, then Ext^(r^iM(/ii), r^„2^(^2)) = for 
all k G Z>o. 

The proof of this theorem gives a new proof of the famous result of Verma |Ver68j and Bernstein- 
Gelfand-Gelfand [BGGTlj about homomorphisms between Verma modules. 
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§2. General theory 

We use the notation in Section [TJ It is easy to prove the following lemma. We omit the 
proof. 

Lemma 2.1. Let si, . . . , si, s'l, . . . , s'^, G 5a be simple reflections. Put w = si ■ • • s/. Then 
we have ^(.i,...,.,,4,...,s;,)(m) = U;.'6A(,^,...,,^)(m) '«^Vi,-,4)(^'V')- 

Fix a dominant A G f}*. Let C be an abelian category with enough injective objects, P C f)* 
a PVA-stable subset. Let {Mx{w,n) \ vu € W, n G V} be objects of C such that the following 
conditions are satisfied: 

(Al) For w gWx and w' G W^, Mx{ww' , fj,) ~ Mx{w,n). 
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(A2) For a E 11;^ such that SaW > w, if (a,/i) ^ Z<o then we have Mx{saW, fi) ~ Mx^w, SafJ-)- 

(A3) For a & Hx such that SaW > w, {a, wX) ^ and (a, /z) G Z<o there exists an exact 
sequence Mx{w,fj,) Mxi^SaW, fi) Mxi^w, SafJ-) Mx{w,^) —> 0. 

(A4) We have ^om.c{Mx{wx, lJi'),Mx{e, n)) / if and only if ^ G W^wxfJ-'- 

(A5) We have Ext^{Mxiwx, fJ^'), Mx{e, fi)) = for A; > 0. 

Lemma 2.2. Let a G 11^, w G Wx, n ^ T). Assume that {a,wX) = 0. Then we have 

Mxiw,IJ,) ~ Mxiw,SatJ') ^ Mx{SaW,fJ,) ~ Ma (s« . 

Proof. If necessary, replacing z/; by SaW, we may assume that SaW < w. By applying the 
condition (A[T]) as w' = s^^-i^, we get Mx{saW, //) ~ Mx{w, yu) and Mx{saW, SafJ-) — Mx{w, SafJ-)- 
If (a,;u) > 0, then Mx{w,^) ~ Mx{saW, SafJ-) by the condition (Al2|). If (a,/i) < 0, then 
Mxiw, SafJ-) — Mx{saW, fi) by the condition (Al2|). Hence we have Mx{w,fj,) ~ Mx{saW, fi) ~ 
Mx{w, SafJ-) — Mx{saW, SafJ-) for all /i. □ 

Lemma 2.3. iei t<;2 G PF, W2 = si ■ ■ ■ si be a reduced expression and /ii, ^2 S P. T/ien the 
following conditions are equivalent. 

(1) Y^ov^lc{Mx{wx,^il),Mx{w2,^l2))^Q. 

(2) There exists k G Z>o such that Ey:t('{Mx{wx, fJ'i), Mx{w2, fJ.2)) 7^ 0. 

(3) fii G u;aI^>2 M(,,,...,,,)(/U2). 

Proof. Obviously, (1) implies (2). We prove the lemma by induction on lx{w2)- If = 
then the lemma follows from the conditions (AH]) and (A[5]). 

Assume that ix{w2) > 0. Take a G 11^ such that si = Sa- First assume that {a,W2X) = 
0. Then we have VF^(saW2)""^^(s2,...,so(^2) = W^A(^a'^2)~^^(s2,...,so('^"'"2) by Lemma O and 
induction hypothesis. By the definition, we have A(j,^)(/i2) = {/^2} or A(^g^^{fi2) = {lJ'2, SafJ'2}- 
Therefore W^W2^A(^s^ g^^{fi2) = M^a ('5a'"^2)~^^(s2,...,s;)(/^2) by Lemma [2.11 This implies the 
lemma in the case of {a,W2X) = 0. 

In the rest of this proof, we assume that {a,W2X) 7^ 0. Assume that {a, ^2) ^<0) 
then, by the condition (Al2]), Mx{w2, fJ-2) — Mx{saW2, SatJ'2)- Since j4(^^)(/i2) = {^2}, we have 
^2'^^(si,...,s;)(/^2) = (■5QU'2)~^j4(^2,...,s;)(sa/^2) by Lemma [2.11 Hence (l)-(3) are equivalent in 
this case. 

Finally assume that (a,/i2) G Z<o. Then we have ^(s^)(^2) = {/^2) •SoA*2}- This implies that 
W2^A(^su-,s,)il^2) = (saW2)"^^(s2,...,so(/^2) U (saW2)~^^(s2,...,sO (•SaM2) by Lemma O By the 
induction hypothesis, fii wxW^W2^A(^s^ g^^{fi2) if and only if 

Homc(MA(?i;A,Ai),MA(sa';«2,Ai2)) = }iomciMx{wx, Mx{saW2, 8^(12)) = 0. 
From the condition (^[3]), we have an exact sequence 

Mx{SaW2, fJ.2) Mx{w2,fi2) ^ Ma (Sq,W2 , Sq^2) ^ Mx{SaW2, ^2) ^ 0. (2.1) 

Since the functor Home is left-exact, we have an exact sequence 

> Rom.c{Mx{wx, ^J'), Mx{SaW2, ^J-2)) 

— > Romc{Mx{wx, fJ-), Mx{w2, IJ-2)) — > Romc{Mx{wx, n), Mx{saW2, SafJ.2))- 
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If (3) does not ho\d, Rome (M xiw x, fi), Mx{saW2, fJ-2)) = ii-omc{Mx{wx, fJ-), Mx{saW2, Sa^i2)) = 0. 
Hence we have IlomciMxiwx, fJ,), Mx{w2, fJ,2)) = 0, i.e., (1) does not hold. Therefore, (1) imphes 
(3). 

Now assume that (1) does not hold, i.e., }iomc{Mx{wx, ^J'), Mx{w2, ^^2)) = 0. We prove 
Romc{Mx{wx, fJ-), MxisaW2, H2)) = Iiomc{Mxiwx, fJ-), MxisaW2, SalJ^2)) = Oand, for all /c G Z>o, 
ExtQ{Mx{wx, fJ-), Mx{w2, fi2)) = 0. These imply the lemma. 

By the exact sequence 

Romc{Mx{wx, n),Mx{saW2, /"2)) Homc(MA(u;A, n), Mx{w2, H2)), 

we have liomc{Mx{wx, fJ'), Mx{saW2, fJ'2)) = 0. Hence we have Ex.t^{Mx{wx, fJ-), Mx{saW2, IJ.2)) = 
for all k € Z>o by induction hypothesis. Put L = Keic{Mx(saW2, SalJ'2) Mx{saW2, IJ,2))- 
From an exact sequence ()2.ip . we have exact sequences 

^ Mx{SaW,fl2) ^ Mx{w,l22) ^L^O 

and 

^ L ^ MxiSaW2, SaH2) ^ Mx{SaW2, fJ-2) ^ 0. 

Using Ey:tQ{Mx{wx, fJ-), Mx{saW2, fJ.2)) = and the long exact sequences induced from there 
sequences, we have 

Ext'^{Mx{wx,fJ-),Mxiw2,fJ.2)) ^ Ex4iMx{wx,fJ-),L) ~ Ex^^Mxiwx, fJ,), MxiSaW2, SaH2))- 

In particular, RomciMx{wx, fJ-), Mx{saW2, SaH2)) ^ }iomc{Mx{wx, fJ-), Mx{w2, fJ.2)) = 0. By 
induction hypothesis, we have Ext'Q{Mx{wx, IJ^), Mx{saW2, SafJ-2)) = for all k e Z>o. Hence we 
have Ext^{Mx{wx,l^), Mx{w2, 1^2)) = for all k G Z>o. □ 

If for some abelian category C and some regular A there exist objects which satisfy the con- 
ditions (Al-5), then the set ^(sj,. ..,«;)(/") is independent of the choice of a reduced expression 
by Lemma [231 In the rest of this section, we assume it (It will be proved in Section [3]). Put 

Theorem 2.4. Let wi,W2 € Wx and Hi, fi2 G "D. The following conditions are equivalent. 

(1) Homc(MA(u'i,Aii),MA(u;2,/i2)) 7^0. 

(2) There exists k G Z>o such that Ext^{Mx{wi, Mx{w2, fJ.2)) 7^ 0. 

(3) w^^wxA 

Proof. We prove by backward induction on lx{w\). If w\ = wx, then from Lemma 12.31 
(l)-(3) are equivalent. We use the similar argument in the proof of Lemma 12.31 

Take a G Ha such that SaWi > wi. Put (3 = —wx{o:) G Ha. We have A^xwiiwxtJ'i) = 
^fioeA,^(wxfii)^l3^'^xSc,wAsi3tJ'o) by Lemma EH First assume that {a,wiX) = 0. Then by 
Lemma [2?2| we have Mx{wi, ni) ~ Mx{saWi, fii) ~ Mx{saWi, SafJ^i)- This implies the lemma. 

In the rest of this proof, we assume that {a,wiX) 7^ 0. First assume that (a,/xi) Z>o, 
then by the condition (Al2]), Mx{wi, ni) ~ Mx{saWi, SafJ'i)- Since As^(u)a/Ui) = {wxlJ-i}, 
AwxwiiwxfJ-i) = Au]xSc,WliwxSa^J'o)■ Heuce we have the lemma. 
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Finally, we assume that {a,^ii) G Z>o. We have Wi^w\Aw^wi{wxfii)riW^W2^Ayj2{fi2) 7^ if 
and only if {saWi) ^wxA^^g^^-^ 

^A^2'^^u'2 (/^a) 7^ since As^{wx^J'l) = {wxlJ-i,wxSafJ'i}- By the condition (Al2]), we have 
Mx{wi, SalJ-i) ~ Mx{saWi, Hi). Hence, there exists an exact sequence — > Mx{saWi, ^i) — > 
Mx{saWi, Sa^J'l) Mx{wi, /j^i) — > Mx{saWi, fii) — > by the condition (^[3]). Therefore (1) 
implies (3). 

Now assume (1) dose not hold, i.e., ILomc{Mx{wi, Hi), Mx{w2, = 0. We prove that 
UomciMxisaWi, Hi), Mx{w2, H2)) = iiomc{Mx{saWi, SaHi), Mxiw2, H2)) = and, for all k G 
Z>o, Ext^{Mx{wi, Hi), Mx{w2, H2)) = 0. Since we have an exact sequence 

— > Romc{MxisaWi, Hi), Mxiw2, H2)) ^ }iomc{Mxiwi, Hi), Mxiw2, H2)), 

wi, Hi), ^\{'W2, H2)) = 0. Hence, by induction hypothesis, we have that 
Ex.t'Q{{Mx{saWi, Hi), Mx{w2, H2)) = 0. Therefore we have 

Ext'^{{Mx{wi,Hi),Mx{w2,H2)) ^ Ext^(MA( SaWi, SaHl),Mxiw2,H2))- 

In particular, }iomc{Mx{saWi, SaHi), Mxi'W2, H2)) = 0. Hence we have 

Ex4{Mxiwi,Hi),Mx{w2,H2)) ^ Ext^iMxisaWi, s^Hi), Mx{w2, H2)) = 0. 

□ 



§3. Proof of the main theorems 

In this section, we prove Theorem 11.11 and Theorem 11.21 using the result of Section [2j First 
we consider the twisted Verma modules. Fix a regular dominant integral element A. Put C = O, 
V = r. Set Mx{w,h) = T^-i^^,M{woh)- 

Lemma 3.1. The modules {Mx{w, h)} satisfy the conditions (Al-5). 

Proof. The condition (AH]) is obvious since A is regular. The conditions (Al2]) and (Al3]) 
are [ALPS] Proposition 6.3]. Since TwqM{wqh) ~ 5M{h) |AL03] Corollary 5.1], we have 
Romo{Mx{wx, h'), Mx{e, h)) = Romo{M{wQH'), 6M{h)). Since Romo{M{woH'), SM{h)) / 
if and only if wqh' = A*; we have (AH]). Moreover, we have ^^,^f^,Ex.tQ{M{woH'),^M{H)) — 
H^{n,5M{H)) ^ Hk{n,M{H)) = where n is the nilradical of the opposite Borel subalgebra of 
b. Hence we have (Al5]). □ 

From Lemma l3. II and Theorem 12.41 we have Theorem 11.21 

Next, we consider the principal series representations of G. This is a full-subcategory of 
Q © 0-modules. We also regard 7^ as a full-subcategory of g-bimodules. 

Lemma 3.2. Let A, /i G [)* such that X- h ^V, w eW. Put A" = -A+ and = -A^. 

(1) There exists w' G Wx such that A+ n {w'w-^)-^A- n wAx = 0. 

(2) Take w' as in (1). Then we have L{M{w\),5M{wh)) L{M{w'X),6M{w' h))- 
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Proof. (1) Since w n A;s^ is a positive system of A;^, there exists w' € Wx such that 
w^^A+ n Aa = {w'^^A^. Since {w'^^A^ = (w'^^iA^ D Ax) = (w'^^A^ n Aa, we have 
A+ n {w'w-'^)~'^A~ n wAx = w{w-^A+ D {w'y^A- n Aa) = w{w~^A+ D {w'y^A^ n Aa) = 0. 

(2) By the condition of w' , for all a € A^ fl {w'w^^)^^ A^ we have {a, —wX) ^ Z. Hence by 
|Duf77[ 4.8. Proposition] we have L{M{w\), 6M{wfi)) ~ L{M{w' X),SM{w' fi)). □ 

By Lemma [321 it is sufficient to study RomniL{M{w' X), 6M{ii')), L{M{wX),6M{ij,))) for 
dominant A and w,w' £ Wx- Moreover, we may assume // G WxfJ-' since L{M{wX), 5M{fj,)) = 
unless wX — e V. Fix such a A and put Mx{w,^) = L{M{wX),6M{^)) for G A + P and 
w €Wx. Put T> = X + V. For a G IIa, let Ca be Joseph's Enright functor |Jos82] . Recall that 
M G O is called a-free if the canonical map M CaM is injective. 

Lemma 3.3. Let ^ ^ X + V and a G IIa. 

(1) If N is a-free and {a,fi) G Z<o then L{Mx{safi),CaN) ~ L{Mx{n),N). 

(2) Let w G Wx- If {a.,wX) G Z<o and {6l,ij) G Z<o, then L{M{sawX), M{salJ-)) — 
L{M{wX),M{fi)). 

(3) Let w G Wx- If {a,wX) G Z<q and {a, /J,) G Z>o, then L{M{sawX),6M{safJ-)) — 
L{M(wX),5M{ix))- 

(4) We have L{M{wxX),5M{^j)) ~ L{M{X),M{wx^J)). 

(5) The modules {Mx{w, satisfy the conditions (Al-5)- 

Proof. (1) Put M = M{ij) and M' = M{saH) in !Jos82l 3.8. Lemma]. Then we get (1). 

(2) Take = M(//) in (1) and use |Jos82[ 2.5. Lemma]. 

(3) Let A G X+V be a regular element such that A is dominant. Then by |Jos831 2.5. Lemma], 
we have CaSM{X) ~ 6M{saX). For g © g-module N, let be a g © g-module where the 
action is^ twisted by {X,Y) ^ {Y,X). Using [Jos82l 2.8], we have L(M(A), C„5M(/i)) ~ 
L{M{saX),6M{fi)) ~ L{M{n),6M{saX)y' ~ L{M{^i),CaSM{X))'^ - Notice tjiat (5M(s„A) is 
a-free. Hence we have L{M{^x),Cc,6M{X)Y ~ L{M{sali),dM{X))'' ~ L{M{X),SM{salt)) by 
(1). Therefore we have CaSM{n) ~ 6M{saH)- We get (3) by (1). 

(4) Take w G Wx such that {$, wfj,) G Z<o for all P G A'^. Put /io = wfi. Let w = ■ ■ ■ 

be a reduced expression. Then we have (dj, Sq- . . . Sq,,;u) G Z>o and (dj, Sa^.i • • • SaiWxX) G Z<o. 
Hence by (3), we have L{M{wxX),6M(ij,)) ~ L{M{wwxX), 6M{fiQ)). Take a reduced expression 
of wwx and use (2), then we have L{M{wwxX), M{fiQ)) ~ L{M{X), M{wxlJ')) by the same 
argument. Since 6M{fj,o) ~ M{fio), we have (4). 

(5) The condition (A[I]) is obvious. The condition (Al2]) follows from (2) and (^[3]) from |Jos821 
4.7. Corollary]. To prove (AH]) and (Al5]), we may assume that n' G WaA*- Let ni G Wa// such 
that (/?, /ii) > for all (3 G A^. Take tt;,w' G VFa such that /i' = w'^i and = w^i- Then 
by the argument in (4), we have L{M{wxX),SM{^')) ~ L{M{wx{w')^^wxX),6M{wxlJ'i)) and 
L{M{X),6M{^)) ~ L(M(tt;"^A),(5M(/ii)). We prove (ASD and (AE}. First we assume that m 
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is regular. Then by (4), we have 

E^t^^{Mx{wx,^^'),^'h{e,^,)) 
~ E^t'k{L{M{wx{w'r^wxX),6M{wxfii)), L{M{w-^X), 6M{fii))) 
2,E^t^^{L{M{wx{w')-'wxX),5M{wxfii))^L{M{w-'X),5M{fii)r) 
^E^t^{L{M{wxf^i),6Miwx{w'r^wxX)), L{M{fii),6M{w-^ X))) 
~ Ext'k{L{M{f,i),M{{w')-^wxX)),L{M{f,i),6M{w-^X))) 

By the Bernstein-Gelfand-Joseph-Enright equivalence |BG801 5.9. Theorem], this space is iso- 
morphic to Ext''{M{{w')~^wxX), 6M{w^^ X)). Hence the proof is done in this case (see the proof 
of Lemma 13. 3p . 

We prove (AS]) and (AEJ for general fii. Take a regular element £ /^i + ^ such that for 
all P G A^. Let Tj^^ be the translation functor of O and Lp^ the translation functor of 7i with 
respect to the left g-action. Then we have L''plL{M,N) = L{M,Tli^N) for M,N e O. Since 
T^i^ commutes with 5, we have 

Extil^{Mx{wx,fi'),Mx{e, fi)) ~ Ext^j^{L{M{wxX),Tli^M{w'^l2)),L{M{X),Tl:^6M{w^l2))) 

~Ext*i^(L;:2^(M(it;AA),M(«;V2)),L(M(A),r^^^2 5M(u;/i2))) 
^E^t^^{L{M{wxX),M{w'fi2)),L';,lL{M{X),Tli^6M{wfi2))) 
c^Extik{L{M{wxX),M{w'fi2)),L{M{X),6Ti:^Tl^^M{wfi2))) 

The module Tji^Tli^ M{wii2) has a filtration = Mq C Mi C • • • C = Tl^^Tji^ M{w^2) 
such that {Mi/Mi_i | 1 < i < r} = {M{wvii2) \ v ^ W^^} |Jan79l 2.3 Satz (b)]. Since A is 
dominant, L{M{X), •) is an exact functor. Hence we have an exact sequence L{M{X), Mi) 
-L(M(A), Mj_i) L{M{X), Mi/Mi-i) 0. Using the long exact sequence and the result in 
regular case, we have Ext^{Mx{wx, fJ-') , Mx{e, fx)) = for > 0. Moreover, by the vanishing of 
the Ext-groups, 

dimHom7^(MA(u;A, /i'), Mx{e, fi)) 

= dimRom.f^{L{M{wxX),M{w'fi2)),L{M{X),6M{wvfL2)))- 

From this formula, we have ilom.fi{Mx{wx, fJ-'), Mx{e, fi)) 7^ if and only if w' € W^wxwv for 
some V G . This condition is equivalent to fi' = w'/j-i € W^wxWfii = W^wxfJ^- □ 

From Lemma 13.31 and Theorem 12. 4t we have Theorem ll.il 
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